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THE PROBLEM AMD PROCEDURE OP STUDY 
The statement has teen made and seemingly has not "been challenged, 
that the elementary principles of mathematics are more poorly under¬ 
stood hy students than the elementary principles of any other subject. 
One great teacher has said that in his experience students will solve 
successfully with complicated mathematical machinery, problems which 
he is sure they do not understand and will fail lamentably in the 
solution of common sense problems. 
The student of mathematics knows the truth of this statement for 
he is aware of his inability to understand many practical problems. 
He knows that in many instances the principles of certain courses in 
mathematics are taught without very much thought of their practical 
applications. 
Calculus taught apart from the subjects for which it was devised 
appears fictitious and unreal, and it is hard to associate it with 
practical things. There is a discontinuity in concepts and in habits 
of thought between the courses when they are taught separately, and 
an occasional application is not sufficient to establish the relation¬ 
ship. The writer believes that the only method of gaining an under¬ 
standing of a principle in calculus is by learning a number of 
applications of that principle. 
The writer questions whether the traditional method of presenting 
calculus is sufficient. Many instructors teach the most elementary 
1 
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concepts of the subject without getting involved too much in the details 
of mechanics. The principles of mechanics are avoided with the result 
that many of the really fundamental ideas and applications are missed 
and many principles have to be accepted rather than -understood. 
Having been a victim of a course in calculus taught apart from 
physics with an occasional application of its principles, the writer 
is interested in, first, reestablishing the practical value of these 
principles by delving into some course whose very existence depends 
on these principles, and second, in epressing the relationship in a 
more simple manner than is usually presented by authors of calculus and 
mechanics texts. 
Background of The Study.- The writer does not know of a similar 
study in its entirety. Most authors of calculus and mechanics texts 
devote a limited amount of space and time to this study, but their point 
of view is perhaps different. Pew authors, if any, make it definitely 
clear that the principles are inseparable, and that a knowledge of one 
without that of the other is of little practical value. 
Statement and limitation of The Problem.- The solution of this 
problem will include a limited study of the fundamental theorem of the 
Integral Calculus and its applications in eight principles of mechanics, 
namely: work, fluid pressure, mass, impulse and momentum, volume, 
moment of inertia, center of gravity, and mean value. Special emphasis 
is placed on setting up the integral in the solution of problems. 
For the sake of simplicity most problems involve single integration, 
and most illustrative examples are given in rectangular co-ordinates. 
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This study stresses the more simple illustrations. All theoreas used 
carry a proof of their existence. 
Purpose. It is hoped that the results of this study will (1) 
re-establish in the minds of its readers the practical value of the 
elementary principles of calculus, (2) increase the appreciation and 
understanding of the elementary principles of mechanics, and (3) serve 
as an incentive for further study of practical applications of elemen¬ 
tary principles of calculus in mechanics. 
Method of Procedure.* The material of the study is a suimnary of 
materials presented by authors of texts in Integral Calculus, Mechanics, 
and related courses, as shown in the bibliography. The idea of the 
presentation is that of consolidating the principles of the two courses 
and of doing so in the most simple manner. 
In introducing the principles, the writer has practiced the follow¬ 
ing method of approach: (1) the topic is stated; (2) some explanation 
is made as an introduction; (3) the physical principle is discussed or 
explained by setting up the definite integral; (4) the manner in which 
the principle is utilized is shown by the use of one or more applications. 
Definitions and Assumptions.- What is the fundamental theorem of 
Integral Calculus! What does the term "Mechanics" imply! What does the 
study assume! 
According to Hogben, the Integral Calculus is primarily concerned 
with finding the area enclosed between a portion of a curve, the 
corresponding points on the X-axis, and two lines called "ordinates" 
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parallel to the Y-axis. 
The term mechanics refers to forces acting upon objects in such a 
way as to cause motion or to oppose motion. It is that branch of science 
which treats of the motion of bodies and the forces which affect them. 
This study assumes an elementary knowledge of both mechanics and 
calculus, especially that of terms used in calculus. 
CHAPTER II 
THE FUNDAMENTAL THEOREM OF INTEGRAL CALCULUS 
The Definite Integral.- Just as there exist a limit of a quotient 
fundamental in the Differential Calculus and represented by the 
derivative of a function, there exist a limit of a sum which is funda¬ 
mental in the Integral Calculus. This limit is called a "definite 
integral" and is defined as follows:: 
If f(x) is a function of x which is continuous and one-valued 
for all values of x between x » a and x s- b inclusive, then the 
definite integral of f(x) between a and b is defined as the limit, 
as n increases indefinitely, of the following sum of n terms, 
f(a)Ax / f(x)Ai f f(x )£>x ... ^ f(x. ()Ax, where x ■ _2i££ 
and x; , , . . . x^_ , are values of x between a and b 
such that x{ = a /Ax, x. sk /Ax . . . , b a x^j/Ax/tv 
This sum is expressed concisely by the notation M(i)Ax 
where (signa), the Greek form of the letter S, stehds for 
the word sum , and the whole expression indicates that the sum 
is to be taken of all terms obtained from f(i)Ax by giving to i 
in succession the values 0,1,2,3,. . . , n-1, where x r a.JL 
Also the definite integral is denoted by the symbol f f(x)dx 
where «y Is a modified form of S. Hence the definition of*the 
definite integral may be expressed symbolically by the equation 
2^f(x)^x zj* f(*)dx • The numbers a and b are called the lower 
and upper limits respectively of thf definite integral. 
We may also define the symbol f f(x)dx as the numerical 
measure of an area bounded by the curve y s- f(x), the X-axis, and 
the ordinates of the curve at x — a and x — b. This definition 
presupposes that these lines bound an area, that is, the curve 
does not rise or fall to infinity, and both a and b are finite. 
What is called an integral then is simply the formula for finding 
such an area if we know the x co-ordinates. Since this formula always 
has a definite value, it is called a "definite integral". 
Accepting this definition of the definite integral, we may now 
state a theorem which is fundamental in integral calculus. 
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Statement of the Fondamental Theorem.- Let be continuous for 
the interval x s a to x r h. Let this interval he divided into n 
sub-intervals whose lengths are Ai)Ax, • . x and points be 
/ i '*'• 
chosen, one in each sub-interval, their abscissas being x ,x , . . , x 
! 3. -ns 
respectively. Consider the sum C6(X)AX ^9^(x)Ax j- . . .<6(X)AX r/ï>(x) 
Il JL 2* 7 X ^ / y A- 
Then the limiting value of this sum when n increases without limit, and 
Proof of the Fundamental Theorem.-EM is a single-valued continuous 
function. We may divide the interval (a,b) into sub-intervals by 
inserting points x , x , x , . . . x on the X axis in any manner. 
Multiply each sub-interval by some value of the function at some point 




where Ax.; the width of any sub-interval and f. (x) s any ordinate. 
of f (x) in the interval. If this is done in each interval, we then have 
Since "both outside sums are monotone functions, "both have a limit. 
These limits are equal and independent of the manner in which we may 
sub-divide the given interval. Since Ax =■ 0 as n becomes infinite, we 
Since the sum has a limit, we wish now to find that limit. We may 
now make equal sub-intervals (Ax) and use the value of f(x) at the 
beginning of each interval. Then n/^x s b-a, and the original points 
of division then are a /Ax, a /■ 2Ax, . . . , b-Ax. 
If <^s(x) is a function having f(x) as its derivative, we may conclude 
(x /Ax) -<^>x sAx.f(x /c/Ax); 0C and ^ are given the smallest 
and largest values respectively of f(x) in a sub-interval, hence 
Draw two rectangles having Q^and |S respectively as their altitudes 
and A x^as the base. Let Qd be the smallest and Q be the largest values 
say 
from the law of the means ( ^(x/A x) - ^(x) “*f • (1 that 
A * 
0C Ax —Ai.f(x /^AAx) 
(X A»x (x / Ax) - ^>(x)^&Ax 
If we apply this same inequality to the successive sub-intervals by 
substituting for x the values a, a / Ax, x / 2AX, . . . b - zAx, we have, 
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OC ~<^(a /Ax) - y^(a) =^3zhx 
/ 2AX) -jzf<a ^ï)f/^x 
£t<Ax*^A( a / 34x) -5^ a / 2A.x)^3csc 
S 
PCAX —«-^(b -Ax /Ax) -ffib -^x)~(3z\x 
à.Ax ~ 7^tt>) -<£(a)r=: Al 




A r Lim / f(x)Aï ^ ^>(b) - <?£(a) - f f(x)dx "by definition 
Rale.- In the process of solving problems by use of the Fundamental 
Theorem, the following rule should be followed: 
First- Divide the required quantity into similar parts. 
Second- Name these parts such that their sum will be of the form 
V- , 
^(x)^f^(x )Axf . . . fcj6( x)Ax a )^(x.)4x. 





^>(x)dx and integrate. 
Application in Mechanics 
Many problems found in mechanics illustrate a large and important 
class of problems for which the calculus was invented, those requiring 
for their solution the summation of an indefinitely large number of 
indefinitely small elements. 
In many discussions the definite integral appears as an area. This 
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does not necessarily mean that every definite integral is an area, for 
the physical interpretation of the result depends on the nature of the 
quantities represented hy the abscissa and the ordinate. Suppose, for 
instance, the ordinate represents the force exerted against the weight 
of an object, and the corresponding abscissa represents the distance 
through which the object moves; then the graph is the force-distance 
curve and the area Tinder the curve represents the work done. 
When one of the factors entering into the problan varies continuously, 
the summation of an infinite number of terms is always necessary, thus 
the method of the definite integral may be applied to the determination 
of magnitudes of all kinds. 
In the solution of a problem that involves the summation principle 
there are three steps: (l) the choice of an element; (2) the determina¬ 
tion of the limits of integration;: (3) the integration. It is generally 
preferable to take the elements so that only a single integration is 
necessary. Some times it may be necessary to trace the curve, but 
usually the limits are readily found from the conditions present. 
Work.- The concept of mechanical work gives an excellent illustration 
of the use of the definite integral. By definition, the work done in 
moving a body against a constant force is equal to the product of the 
force and the distance through which the body is moved. 
A man holding a weight of 100 pounds on his shoulder all day long 
is merely exerting force. In a scientific sense he is not doing work. 
He does work in lifting the weight to his shoulder. If a force acts 
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upon a tody and moves It, then it is said to do work upon the tody. 
In measuring work, we consider two factors:: force and distance. 
If either the force or the distance is zero, no work is done. If "both 
the force and distance remain constant, then the work may be found by 
use of the formula W r FD. However, the force may vary continuously 
as the point of application moves, as in compressing a spring. In such 
a case, it becomes necessary to use the summation process which is 
Suppose a body is moved along CK from A to B against a variable force F(x). 
Step 1. Divide the line A3 into equal intervals, each equal to x by 
polnt(8 m § xu « in i • • • m • 
I X- 8 
Step 2. The work done in moving the body from A to m^ would be f (a) 
if the force is constantly equal to f(a) through the interval 
Am^ . Consequently, if the interval is small, f(a)^x is 
11 
approximately equal to the work done between in and is 
approximately equal to the work done between m and m is 
Z- 3 
approximately equal to f (x) _£\x and so on. Hence, the work 
done between A and B is approximately equal to 
f (a) Axf f (x# ) A x 4 f (x ) ^ x 4 . . . f f (x ) .A x. 
i 2* n. 
Step 3. If W represents the work done between A and B, we have 






a and b are the initial and final distances of the point of 




















1. A clock spring which extends .6 inch per 10 pound weight has "been 
stretched 1.6 inches. How much work is done in stretching it further 
Fig. 3 
Solution: 
Work •J f(x)dx 
y = 10* - 16.7x ; a r 1.6 ; h = 2.1 
.6 
Z-l 5-.I -,^.1 
Work ydx s 
Work s 15.4 lb. wt. in. 
*/ 5#*l — 
ydx 16.7xdx s 16,7x* = 16,7 
i-U 
2 2 
(2.1) _ (1#6) 
> 
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2. Confined, air having a volume of 6 cu. ft. and a pressure of 
80 pounds per sq. in. expands following the law pv « constant to a 





s 1 pdv s pv l_c dv s pv log v 
I I V 
V, v. 
6 ; h = 20 
Work 
■J 
pdv = (11,520 x 6)(.52288) - 36,738 ft. lh. 
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3. A hemispherical tank of diameter 10 ft. is fall of oil weighing 
60 lh. per cu. ft. Calculate the work necessary to pump the oil to the 
top of the tank. 
Y 
Solution: _ b 
Work s 77 \ wxy dr 
: k
a » 0; i)s5; w - 60; f (x) sr y2- 25 
S S 
Work ■i 60 7T (25 - x^xdx * 60 \ (25 - x°)xdx o 
» 9,375 ft. lh. 
j
Work * 60 1 625 - 625 
2 4 
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Fluid Pressure." Since liquids have weight, they exert pressure on 
the bottom and sides of the containing vessel. The truth of this state¬ 
ment has "been gotten by experiment in science. Liquid pressure is 
directly proportional to the depth and to the density of the liquid, 
said it is independent of the area and shape of the container; it is also 
independent of direction. 
The total force exerted upon any surface by a liquid equals the 
product of the area times the depth times the density. Hence, the 
pressure of a fluid on any given horizontal surface equals the weight 
of the column of the fluid standing on that surface as a base times the 
height. 
Y 
Step 1. Divide the vertical distance into n sub-intervals and 
construct horizontal rectangles within a given area. 
Step 2. The area of one rectangle is y A x. If this rectangle 
16 
were horizontal at the depth x, the fluid pressure on it would "be Wxy^jc, 
where W equals the weight of a unit volume of the fluid. Since fluid 
pressure is the same in all directions, it follows that Wxy^x will he 
approximately the pressure on this small rectangle in its vertical 
position. Hence the sum WxyAX(/ Wxg/yx^f ... -f ïïxyA.x_^represents 
approximately the pressure on all the rectangles. 
Step 3. The pressure on a given area is evidently the limit 
17 
Illustrative Examples:: 
1. A horizontal cylindrical tank of diameter 8 ft. is half full of 




1 -4 \ 
3-.«2*5LvT-.'-‘ 
/ 








1 Wxy dx 
CL 





2 , 2 
x f y a- 16; W s 60 
2 
x xdx * 60 16 - 
I' 
(16 - x ) 2 
J 
- 1280 lbs. 
0 
Total Pressure s 2 x 1280 - 2560 lbs 
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2. A rectangular gate in a vertical dam is 10 ft. wide and 6 ft. 
deep. Pind the pressure when the level of the water is 8 ft. 
(W - 62.5 ) above the top of the gate. 
Ok. 
dA r lOdy ; h a 14 - y; W a 62.5 ; a a 0; b r 8 
Pressure = 62.5 J 
V 2 
I (14- y) lOdy * 625 14y 
) o 2 
Pressure s 50,000 lbs. 
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Mass»— Suppose that we have a certain object. It contains a definite 
quantity of matter. The measure of the quantity of matter which a body 
contains is called its mass. If V denotes the volume of the body and 'Y 
its density , the product'YV gives the mass, provided the density is 
constant throughout. The density, however, may differ from different 
parts of the body as, for instance, whem the body is composed of 
different liquids which arrange themselves in layers. If V , V , . . . V 
denote the volume of the separate parts, and *V , ry , . . . 'Y 
I 2~ 
the correspondign densities, the total mass is evidently the sum 
fyv/ryV)t...cyV. In this case, the number of parts being finite, 
I | Z. «2* 
we need only simple addition. However, the density may vary continuously 
through the body, as in the case of atmosphere. Here we must have 
recourse to the summation of an infinite number of infinitely small terms. 
Step 1. Divide the total volume V into n parts. 
Step 2. let each part equal to AV and multiply each element by the 
density at that part of the body. We thus get n terms of the type 
If n is finite, the sum of these n terms is not the exact value of the 
mass because the density varies in the element of the volume. But as n 
is taken larger and /\V correspondingly smaller, the sum of the n terms 
approach more nearly the mass. Hence to get the exact result, we must 
increase n indefinitely, thus making AV correspondingly small, and effect 
the summation of the infinitely large number of infinitesimal terms; 
y^v f YAV f . 
/ z, 
. . . fVAVK £ b. r 
Step 3. Mass dV and the mean density 
<L 
20 
which we denote "by is given by the equation: ** 
= py = _JL r Jo.y dV Density 
If the mass is distributed continuously over a surface, we may re¬ 
place the element of volume AV by an element of area, -^A, and if the 
mass is distributed along a curve, as, for example, along a thin wire, 
we replace ZS.V by .A.S, the element of length. 
21 
Illustrative Examples: 
1. Find the mass and mean density of a thin plate in the form of 
2 2 
a quadrant of the ellipse j^y m 1, assuming that the density varies 
as the product xy. 
Fig. 9 
Solution! 
A As Ax Ay; lacy — density;: k a a constant 
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Impulse and Momentum.- The momentum of a body is equal to the mass 
of the body times its velocity. A rifle bullet has terrific impact 
because ifcfe velocity is from 1500 to 3000 ft. per sec, and its small 
weight of a few ounces multiplied by such a high velocity gives a large 
momentum. 
The impulse of a force represents the change in momentum which the 
force produces or is capable of producing. If the force is constant 
it is equal to the product of the force and the time interval, and 
whether the force is constant or not it is equal to the area under the 
force-time curve. 





Step 2. [ __d Mv \ Zlt represents the approximate change in the 
momentum of A. in time At and^>^ d Mv jAt for n successive intervals 
will represent the approximate change in momentum in the interval 
nAt r t. 
Step 3. Lim 
Impulse 





1. If at a time t sec., the force E dynes acting on a "body is given 
2 
by the equation E r 3t -7, what will be the total change in momentum 





E s 3t 
Impulse 
Impulse 90 dyne sec 
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Volume»- If matter occupies space, it must have length, breadth, 
and thickness. In other words, matter has volume. We may find the 
volume of rectangular solids by obtaining the product of their length, 
breadth, and thickness. By using the idea of summation, we may find 
the volume of any solid, no matter how irregular it may be in shape. 
+ Y 
Pig. 12 
Step 1. Out the solid into a number of parallel planes perpendicular 
to one of the co-ordinate axes. 
Step 2. Denote the cutting planes by Ax and the area of the cross 
section by^f(x). Then the volume V lies between two sums V a / jX Ax 
and V" sr x where OC and ^3 denote respectively the smallest 
aJ 
and largest value of f(x) withinjfte sub-interval. 
V b- 




!• A solid has a circular base of radius 10 inches. The line AB is 




1 f(x)dx; Equation of base x2^ y2 a ^Q0 
a - “10j b a ^ 10; f (x) a 4y2 » area of each sq. 
ID 
Volume s 4 \ (100 - x2) dx a 4 I 100x - x3 
<4* 1 3 
10 
*-/0 
Volume s 16000 s 5333.3 cu. in. 
3 
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2. Derive the formula for the volume of a sphere with radius r. 
Volume of cylinder s 7T r^h 
h z /h.*» y * radius of cylinder; y^s r^— 
r s radius of sphere 
.re. 
j Volume * \ 2 TT (r 'o 
Volume g 4 TT r3 
3 




Moment of Inertia.— Matter is inert; it has no ability in itself to 
move or to stop moving. Since all matter has the property of inertia, 
bodies in motion tend to remain in motion and bodies at rest tend to 
remain at rest. It requires some force to overcome the inertia of a 
body and set it in motion or stop it when it is in motion. 
In order to start a wheel rotating, we must apply a torque, and the 
amount of the torque to be applied depends on the mass of the wheel. 
But there is another factor which determines the torque required to set 
the wheel spinning, and that is the distribution of mass. 
We may define moment of inertia (rotational inertia) as that 
property of a body which determines the condition under which a given 
torque can create or destroy in the body a given amount of rotational 
velocity. 
Bor regularly shaped bodies the rotational inertia equals the product 
of the mass and the square of the distance from the point about which 
the body is being rotated, but suppose we have any irregularly shaped 
body which is rotated clockwise around a point. In this case we must use 
the summation method 
Fig. 15 
Step 1. At various points we consider small pieces (Z^.M) of the 
body at a distance (p) from the point about which the body is rotating. 
2 3 
Step 2. Then p is the moment of inertia of m , p'is 
i A 
the moment of inertia of m and the moment of inertia of the entire 
JL 
body is the sum of these elements as is taken smaller and smaller. 
p2Z\m s J 
>rv 
2 
P dm Step 3. Moment of Inertia s Lim 
30 
Illustrative Examples 
1. A wire is bent to form an open semi-circle of radius a. Find 
its moment of inertia about an axis through its middle point perpendicular 




Moment of Inertia ■i p^dm 
2 _2_._2_ 
dm — pad«£ ; p - a sin t^b 
Moment of Inertia 
7T pa3 ■J 
u 
a2 s in2<jb pad«£> s- 
4 2 77" pa 
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Center of gravity.- The center of gravity of a "body is the point at 
which we can consider its whole weight to "be concentrated. If the shape 
of the object is simple and its density is everywhere the same, as in 
the case of a shaft or a board, we should expect the center of gravity 
to be in the middle. In the case oaf an irregularly shaped object, we 
must find the center of gravity by experiment or use the summation method. 
Step 1. Divide the line, surface or solid into elements of length, 
(As), area (A/\), or volume ( i\V), reapectively. 
Step 2. Maltiply each element by the distance of some chosen point 
within the element from a reference line or plane. Hence the sum 
y; A s/y^As^...^ y^A s represent the approximate first 
moment of a curve, with respect to the X-axis. 
32 
Step 3. The first moment of the plane curve with respect to the 













1. Find the center of gravity of the area between y 
X-axis, and x - 1. 
Fig. 18 
/ 4 
The center of gravity is therefore the point (— 
34 
Mean Value.- Suppose y & f(x) is a continuous function in the 
interval a,"b. If this interval is divided into n parts each equal to 
A. x, then n Z^x a b - a. The arithmetic mean of n numbers y , y .... y 
i > 
is equal to the sum of these numbers divided by n. This quotient will 
vary with n, and the limit as n increases indefinitely is called the 
mean value of the function in the interval a,b. 
The independent variable may represent area, volume, distance, time 
or any other physical magnitude. 
fig. 19 
Step 1. Divide the interv 
Then nAxa-b-a,ns b - , 
Ax 
Step 2. Let y , y , . , 
I 
corresponding to the values of 









y. Az / y^As f . . ■f y ^£\x s A.M. 
j 
Mean Value - ydx 
h — a 
36 
Illustrative Examples: 
1. If a particle in a vacuum were thrown downward with an initial 
velocity of v ft. per sec., the velocity after t sec. would be given by 
V:Ta + gt; g r 32 





b - a 
f (x) - y - V f gtî V s 0; g a 32 
Q 
JS 
Mean Velocity ■V. tdt - J32 x _25 s 80 ft, 5 5 per sec. 
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2. In simple harmonic motion s s a cos nt. Find the average value 
of the velocity during one quarter of a period as to time. 
Fig. 21 
Solutions 
s - a cos nt; ^ period ■ TT 
TL 2n 





cos nt dt ~ 
- 2an x 1 x sin nTT 





2 sin nt| 
>b 
CHAPTER III 
SUMMARY AHD CONCLUSION 
Summary.- This study covered the fundamental theorem of Integral 
Calculus and its application to eight principles in Mechanics, namely: 
work, fluid pressure, mass, impulse and momentum, volume, moment of inertia, 
center of gravity, and mean value. There are many other applications, 
but these are sufficient to emphasize the fact that the so called cold, 
logical science of mathematics is not far-fetched and unreal but is rich 
in human interest. 
Pew subjects touch a person’s life so closely as elementary physics 
and no subject is better fitted to develop the reasoning powers or to 
stimulate that uncoEimon faculty known as common sense. 
The solution of problems involving the principles of physics led to 
the invention of the calculus. Problems involving discontinuous changes 
are dealt with for the most part by the ordinary processes of arithmetic 
and algebra; problems that involve continuous changes require more power¬ 
ful mathematical methods, and these are the special province of calculus. 
Conclusion.- The writer wishes to draw the following conclusions from 
this study: 
1. One of the most important problems in calculus, infact, one 
of the problems that led to the invention of the calculus, is that of 
finding the area between a given curve, the X-axis, and two given ordinates. 
2. What is called the definite integral is simply a formula for 
38 
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finding the above mentioned area. This formula is the limit of a sum 
of an indefinitely large number of indefinitely small elements. 
3. Every definite integral is not necessarily an area but depends 
on the nature of the quantities represented fey the abscissa and the 
ordinate. 
4. The method of the definite integral is applied to the determina¬ 
tion of magnitudes of all kinds and may be represented geometrically as 
an area. 
5. In the solution of a problem that involves the summation 
principle there are three steps: 
6. If the force is constant, the work done equals the product of 
the force and distance. The work done "by the variable force is found by 
7. The pressure of a fluid on any given horizontal surface equals 
the weight of the column of the fluid standing on that surface as a base 
times the height. When the depth varies continuously, we sum terms of 
the type Wxy £wX, where W is the weight of a unit volume of the fluid, 
(a) the choice of an element. 
(b) the determination of the limits 
(c) the integration 
the summation of terms of the type f(x)dx where f(x) denotes force and 
x a displacement. 
Work = Lim 




8. If V denotes the volume of a body and 'V its density, the 
product V0/ gives the mass, provided the density is constant throughout. 
When the density differs from different parts of the "body we find the 
mass by the summation of terms of the type 'YA.V whBre *Y equals 
9. If the force is constant its impulse is equal to the product 
of the force and the time interval, and whether the force is constant 
or not it is equal to the area under the force-time curve which is a 
geometrical representation of the summation of terms of the type F t 
10. We may find the volume of some geometric figures by the 
ordinary principles of arithmetic and algebra, but where there is 
irregularity in shape, we use the summation principle bjr finding 
the limit of the sum of terms of the type f(x) £±x where f(x) represents 
the area of the cross section and x equals thickness of a thin slice 
11. For regularly shaped bodies the rotational inertia equals 
the product of the mass and the square of the distance from the point 
about which the body is being rotated. For irregularly shaped bodies 
2 
we sum elements of the type p Am where p equals distance from the point 




12 If the shape of the object is simple and its density constant, 
the center of gravity is in the middle. In the case of an irregularly 
shaped object, the center of gravity equals the limit of the sum of 
elements of the type x As where x equals the distance from a 
8 L 
reference line n — 
13. With the independent variable representing time, density, 
volume or any other physical magnitude, we may find the mean value of 
the function by the summation of elements of the type ydx where 
y is the magnitude expressed as a function of x and b - a is the length 
b 
of the interval. 
Center 
o s s 
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